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EQUATIONS OF GENERALIZED THERMOELASTICITY
OF A COSSERAT MEDIUM IN STRESSES

V. N. Smirnov UDC 539.377

Thermoelasticity equations in stresses are derived in this paper for a Cosserat medium taking
into account the finiteness of the heat propagation velocity. A theorem is proved on the unique-
ness of the solution for one of the obtained systems of such equations.

The development of experimental investigation of the inferaction between optical radiation and a substance
evokes interest. in a detailed study of the thermoelastic phenomena occurring in solids subjected to laser radia-
tion. Such radiation requires taking account of the finiteness of the heat propagation velocity in connection with
the quite rapid nature of the heat liberation process. Taking this circumstance into account requires insertion
of an additional term in the Fourier heat conduction law, as is assumed in, e.g., [1, 2]. The polycrystalline
or granular construction of many materials used in force optics evokes a requirement to involve a nonsymmet-
ric Cosserat model in the analysis, which describes the behavior of such media more accurately under defor-
mation [3]. The equations of isothermal nonsymmetric elasticity theory have been investigated in detail in
{4-6]. The papers [7-9] and a section of the monograph [3] are devoted to the theory of nonsymmetric thermo-
elasticity without taking account of the finiteness of the heat propagation velocity. The equations of generalized
thermoelasticity of a Cosserat continuum have been obtained in {10]. The system of equations in the displace-
ment vector u, the small rotation vector w, and the relative temperature deviation € from the initial value 9,
has the form

(14 0) v+ (p— 2+ 4) y7-u -+ 20y X0 + X —v8,y8 = pu;
v+ vie+(v—e-+B)yy-o+ 2ayxu—doo 4 Y =1-0; (1)
kY2 —1im@y & — mOy 4 — vy 1 — vy i = — 07 'w — 1,07 w;

9 =(0—8,) 67",
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Here p, o, A, v, v, &, B, m are constants introduced in [3] that characterize the mechanical and thermophysi-
cal properties of the medium. Let us limit ourselves to examination of the case when
I=/E. (2)

The system of equations (1) is a generalization of the classical Lamé and Fourier equations. As is known from
the symmetric theory of elasticity, equations in the stress tensor are of interest in the solution of specific prob-
lems in many cases. To obtain such equations, a system of equations of motion in the force stresses T and the

moment stresses M is necessary:
VT+X=pu yM—2"+Y=10, (3)
where aT is a vector corresponding to the tensor T [11], and the system of governing equations is [3]
T = 2uy* + 20y~ + (My - E —v0,9) E; ()
M = 2yx* -+ 2ex” + P(»**E) E; s= vy E 4 mB,l,
where

v=vit+oXE =x=yo. (8)

The superscript plus denotes the symmetric part of the tensor, while the minus is for the antisymmetric part.
It follows from the first equation in system (4) and the definition of the strain tensor (5) that

L (T E+ 3v00). ®)

V-I.l: --E:
v 2u - 3h

Using (6), the system of equations (4) is easily converted into the form
¥ = (W T 4+ (2a) T (20 -+ 307! [vOus — A (20)7 T E] E;

%= (29} M"+ (26 M1 — B[22y +- 3PN (M- E) E; (1)
§ = v(2u 4 37 T E -+ [m -+ 362 (2 -+ 3M)7 0.

If the following integrals are considered

c [
o (C) — @ (Cg) = S do = g w*.dr;
C, [+

4 [
u(@)—u(Cy)= | du= | (y—oxE)*dr,
C, C,

then by requiring independence of the integrals from the form of the path of integration, we obtain the compat-
ibility equations

yX%=0; yxXy—x»x*4(E~x)E=0. (9)
The asterisk denotes the tensor that is the transpose of that given. The equations (9) were obtained in [5] by
a somewhat different method. Using the governing equations (7), we easily obtain the following system of equa-
tions from the compatibility conditions (9):

eV X M™ 4 yy x M™ — Be (2y + 3B)* v (E(M - E)) = 0; (10)

(2u0) ™! [y X T* 4 py X T~ —ak (2p + 37 y x (E(TE) +
- vO, (2 + Wy X OE — (29e) 7t MY — M f e (B 29) (27 + 3p) (M- E)E] = 0.
Moreover, the equations in the tensor components of the force and moment stresses can be obtained analogous-
1y to how the Beltrami—Mitchell equations were obtained for a symmetric medium in [12]. By using the "gra- '

dient" operation in the first two equations of the system (1), using the definition of the strain and bending-tor-
sion tensors (5), and also the governing equations (7), we obtain the following system:
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(L . BM-E)E } 2 (M E) E A S
e S oM — — Y(p—e- M M —
{(”W o at21{2v % 29(2y - 3p) oyrap VT e TRy {QV %
_M}_m{L M++LM—_M]
2v(2y 4 3B) 29 2e 2y (2y + 3B)
+ 20y x {~1— Tl (woﬁ—i T--E) E}}* _0;
2u %200 20 -+ 3% 2n a1
@1 (1 1 1 S (1,
e L T — Oy¢ — —— T+E) El 4 yX —v0, yyd + (0 — a4+ 1) yy- {— T+ —
(4-+-a)y patz}{QuT+2a T (v = ) }‘v v Vv + (1 Y {2u
S A \ 0
—_ T ®,9— —T-E}| E 2 (v-M—2aT + Y)xE4
% | T oui 8 (vew0— 5 TE) }+ 5, v
1 . 1 - pM-EE }*
oty l— M — o BB
Flkath v o % Sy T3]
1 . 1 .. PBM-EE }} B
— M — M- . UXE=0.
ke v {57 W+, 2y (27 + 39)

It should be noted that other equations in T and M can also be obtained. By applying the "gradient" operation
to (3), as is done in [13] in the examination of a symmetric medium, and using (5) and (7), we convert the sys-
tem to the form

0w D e % . oh(f~E)E ) PpvO0E P — 0

O g P oy 22 PAMTB)E 0o myyE - YOOE  ox  f yyEoy,

o T o vt ety 1 v ) 2% - 3 I (12)
Lo e o e Bl (M- E)E

— M+ — M —yy-M— 20V = L 9gaT L gY = 0.
2y 2 @ty

It is perfectly evident that any of the systems (10), (11), and (12) should be supplemented by the heat conduction
equation. Using {6), the heat conduction equation is easily transformed into the form

v E ; w Ty (13)
Tl *E+ToE) = —— — 2.
2H+3x(0 + ) 6, e,

3v?
2p 4 3h

kv — 6, (m + ) (o + 9) —
Attention should be turned to the circumstance that in the consideration of a symmetric medium the systems (10)
and (11) go over into the Beltrami—Mitchell equations in the limit case, which, asis known, should be supple-
mented by equations of motion or equilibrium for solution. As regards (12), which are generalized Ignaczak
equations, it can then be expected that the solution of this system supplemented by the heat conduction equation
turns out to be unigue.

Let the system of equations (12) and (13) have two different solutions Ty, M;, & and Ty, M,, < that satisfy
boundary and initial conditions of the form

n-To=F({ @) n-Mo=G({ O); dlo=H({, O)

T (Kit=o = 1 (K); M (K=o = g(K); & (K)lt=o0 = {(K); (14)
T (K)o = h(K); M (K)heo = j (K); & (Klimo = r (K);
() Kev.

In this case Ty = Ty — To; My = My — My; &, = & — 4 satisfy the homogeneous equations (12) and (13) for
homogeneous boundary and initial conditions. We integrate the homogeneous equations (12) with respect to time
in the interval (0, t). If the initial conditions are taken into account and the tensors S and N, analogous to the
Biot vector in the theory of heat conduction, are introduced

S=T; N=M, 15
then we obtain as a result of the integration

I T 20— OM(Ty~E)E _ ovOyE
Lot 4+ BT — gy Sot S Sy — 0 — 2 (y:Np) E 2WPW= g,
o 0T g 0TV ot = S Wmu ey I (v-No) E+ 20 + 34 :
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Joopig o Lo iy — gy Ng— BoMoBIE | g5 ¢
2y 2e 2v(2v -+ 3p)

Let us combine the result of a convolution of the first of the tensor equations (16) with the tensor T, and the
second equation with the tensor pI;'M,. We combine the obtained expression with (13) multiplied by —p 8,4,

and we integrate over the volume of the body V and in time in the interval (0, t). Using the Ostrogradskii—
Gauss theorem and taking account of the homogeneous boundary conditions, we obtain the following equality:

(16)

— — _ _ 1 ’
P A A Y{i o T 4L Mg L (s v =0, .
4o 4e 9
v
where we have introduced the notation
[ + + B
Ji=— {MO Mg — (Mo..E)2} dv;
4 2
L ‘ v+ 3p )
. .- 2 P
Jy= E{L TE T8 + pvO,Bo (E-*Tg)  pA(T,Ep 00} (m+ Iy )62} W
i s et o+ 3
t ’ "
) TV . N
Js =00 k(v + =" (T+E @(m j ) avar,
3 9055{(Vﬂ°)+2u+3k (B 4o (74 5 ) O
0V
'IL 5‘ 5‘ {2M0-. VaghTo--((V'No)XE)-{— 7 —gt— (V NO)Z _I__,_, (SO SE-) } dVds.
]

Let us consider the integrals J;, Jq, J3, J4. It is easy to show that

Ji= —f; j {2 (M5 -+ (D + (M) + 2927 + 39 (Mo +
v

19)
+ (Mo)gz + (Mo)gﬁl -+ ﬁ(27 + Sﬁ)_i {[(MO)M - (M0)22]2 + [(Mo)-zz - (Mo)sslz + [(Mo 33— (Mo)ulz}} dv.
As a result of simple calculations, the integral J, can be converted fo the form
= X { mosgs + — [(T+)12 +(THi: + (T T3l +
(20)

+ A2u (2u -+ M {[(To)u —{(To)nl? 'I"‘[(To)zz — (To)ssl® +
4+ [(To)ss — (To)u}3 + (2w + 3M7 {[(To)us 4 BT 12 + [{(To)sa + ¥Os0ol2 + [(To)az +- vByBo15} dV.
Using the third of the governing equations (7) and the Ostrogradskii—Gauss theorem, taking account of the

boundary conditions, the entropy balance equation

& (l+8)i=—vqtw (21)

and the generalized Fourier law [2]

Toq + @ = — OV, (22)

we convert the integral J;. Since equations of linear thermoelasticity are considered in executing the trans-
formations, only terms of identical order should be conserved. Consequently, we obtain

t
—o { [ ao-voavar. 23)
bV
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Let us examine the integral J,. If the vector

c=y-N, (24)

is introduced into the consideration, then it can be shown as a result of simple manipulation that

Jy= 2*(;— J( {ler =+ (Sodas — (Sodal? + [ea + (Sodat — (Se)asl® + e + (Soltz —{Se)a]?} AV, (25)
0 .
v

As is known from thermodynamics [14],

vt (26)

(1-+926,"

hence, for p, Ly, o, &, v, B, ¢, A, m > 0 it follows from (17) that the integral of the sum of the quadratic
terms is a nonpositive quantity. This is possible only if all the integrands vanish. Therefore,

Ty=0; My=0; §;,=0. (27)

The system of equations (12) and (13) hence has a unique solution. It should be noted that in the limit case the
system of eguations (12) and (13) goes over into the system of equations of generalized thermoelasticity in
stresses for a symmetric medium

or _PE (—/Lv T--E~v@0ﬁ) = defy-T 4 def X;

2 2p 4 3%\ 2p (28)
3'\72 . . LY . . w Tm}
by — 8 (m - T8 +9) — Tl E+TwE)y=— —__ 0% |
Vo 0( 2H+37»)(Oﬁ—1 ) 2u+3x(° ) 9, G,
where
(29)

defa = ;— (va + (va)*),

and the proof presented for the uniqueness of the solution goes, for &4 = 0, v = 0,0verinto a proof of the unique-
ness theorem for the solution of the Ignaczak equation of elastokinetics for a symmetric medium. In contrast
to the proof presented in [3], nowhere are equations used that contain kinematic characteristics.

NOTATION

u, displacement vector; w, small rotation vector; ®, absolute temperature; @;, initial temperature of
the medium; ¢, relative deviation of the temperature from the initial value; u, a, A, v, &, v, 8, m, constants
characterizing the mechanical or thermophysical properties of the medium; p, density; I, dynamic character-
istic of the medium reaction during rotation; k, heat conduction coefficient; 7y, a constant characterizing the
velocity of heat propagation; X, external volume force vector; Y, external volume moment vector; w, density
of the heat liberation sources distributed in the medium; E, unit tensor; T, force stress tensor; M, moment
stress tensor; ¥, nonsymmetric strain tensor; ®, bending-torsion tensor; s, entropy referred to unit volume;
V, volume occupied by the body; &, surface bounding the body; (T);, (M)ki, components of the tensors T and
M; q, thermal flux vector. '
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EXCITATION OF A TEMPERATURE WAVE BY A
RECTANGULAR THERMAL SURFACE PULSE

A. G. Goloveiko and V. I. Martynikhina UDC 537.52:536.,3

We calculate the temperature field in a metal under the action of a rectangular thermal surface
impulse with a fixed total energy and varying duration. It is shown that for a given duration of
this impulse, conditions are created which ensure a maximal shift of the melting isotherm to-
ward the interior of the metal.

In the present work we consider a thermophysical process in a metal in regimes when the following con-
dition holds for the thermal pulse applied at the boundary:

W = Ft = const, (1)

where T is the thermal flux density, whichis constant during the time of its actiont. The condition W = constant
can be realized in various ways: from a short pulse of a high-density thermal flux, to an extended pulse for a
low density of the thermal flux. Condition (1) essentially describes a multitude of pulses which differ by para-
meters F and t but have the same parameter W.

An analysis shows that the action of thermal pulses which differ in parameters F and t but have the same
parameter W has appreciably different results on the metal.

For a long pulse duration the high thermal conductivity characteristic for metals ensures the transfer
of the heat flux far into the metal. Therefore, the long pulse excites a deep but weak heating of the metal
whose temperature field is extended over a large region. Towards the end of the pulse, the melting isotherm
remains near the surface of the metal because of the weak heating. For short pulses of the same energy W,
on the other hand, the metal is heated to large temperatures, and the temperature field is concentrated near
the surface of the metal. In this case, the melting isotherm towards the end of the pulse also remains near
the surface of the metal but for a different reason, because of the spatial concentration of the temperature
field.

Clearly, in the intermediate conditions between long and short duration at a given energy W, the melting
isotherm will be displaced by the largest amount. The aim of the present work is to substantiate this asser-
tion quantitatively because of its importance in the analysis of the appropriate scientific and applied problems.

In the solution of the problem formulated above we shall limit ourselves to the analysis of a one-dimen-
sional thermophysical process, and neglect the phase transformations. The process will be approximated by
the problem of excitation of a temperature field (or a temperature wave) by a rectangular thermal pulse:
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